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In terms of two partial derivatives of any two components of velocity ﬁelds, we give a
new criterion for the regularity of solutions of the Navier–Stokes equation in R3. More
precisely, let u = (u1,u2,u3) be a weak solution in (0, T )×R3. Then u becomes a classical
solution if any two functions of ∂1u1, ∂2u2 and ∂3u3 belong to Lθ (0, T ; Lr(R3)) provided
with 2
θ
+ 3r = 2, 32 < r∞.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction and main result
Consider the Navier–Stokes equation in R3:⎧⎪⎨
⎪⎩
∂tu = νu− (u · ∇)u+ ∇p,
div(u) = 0,
u(0) = u0,
(1)
where ν > 0 is the viscosity constant, u = (u1(t, x),u2(t, x),u3(t, x)) and p = p(t, x) are the unknown velocity ﬁelds and
pressure of the ﬂuid at the point (t, x), u0 is a given initial velocity vector satisfying div(u0) = 0.
In early 1930, Leray [6] proved that for any u0 ∈ L2(R3) with div(u0) = 0, there exists a global weak solution u ∈
L∞(0,∞; L2(R3)) ∩ L2(0,∞;H1(R3)), this solution is also called Leray–Hopf solution or turbulent solution, where Hm(R3)
is the divergence free vector valued Sobolev space in R3. It is well known that such solution is unique and regular in two
spatial dimensions. However, in three dimensions, the regularity of weak solution is an outstanding open problem.
Up to now, there are many regularity criterions for Leray–Hopf solution. Let us now recall some well-known criterions.
In the pioneering work, Serrin [9] and Fabes, Jones and Rivière [3] proved that Leray’s solution is regular if
u ∈ Lθ (0, T ; Lr(R3)) with 2
θ
+ 3
r
 1, 3< r ∞. (2)
For the Euler equation (corresponding to the case of ν = 0 in (1)), in the celebrated work [1], Beale–Kato–Majda gave a
regularity criterion in terms of the vorticity, i.e., a smooth solution of the Euler equation u in R3 on [0, T ) is regular after
t  T if
w = curl(u) ∈ L1(0, T ; L∞(R3)). (3)
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X. Zhang / J. Math. Anal. Appl. 346 (2008) 336–339 337This criterion is also valid for the Navier–Stokes equation (cf. [7]). Recently, this result was extended to the case of homo-
geneous Besov spaces by Kozono, Ogawa and Taniuchi [5]. That is, the condition (3) is replaced by
w ∈ Lθ (0, T ; B˙0r,∞(R3)) with 2θ + 3r = 2, 3 r ∞, (4)
where B˙0r,∞(R3) is the homogeneous Besov spaces in R3 (cf. [2]). More recently, Zhang and Chen [10] improved (4) to
w˜ ∈ Lθ (0, T ; B˙0r,σ (R3)) with 2θ + 3r = 2, 32 < r ∞, σ  2r/3,
where w˜ = (w1,w2,0).
In the above criterions, it needs to consider every component of velocity vector. Recently, Neustupa and Penel [8] and He
[4] gave some new criterions only via one component of velocity vector, and they proved the following regularity conditions:
u1 ∈ L∞((0, T ) × R3),
or
∇u1 ∈ Lθ (0, T ; Lr(R3)) with 2
θ
+ 3
r
= 1, 3 r < ∞.
Later, Zhou in [12] and [11] give a signiﬁcant improvement for their results:
u1 ∈ Lθ (0, T ; Lr(R3)) with 2
θ
+ 3
r
 1
2
, 6< r ∞,
or
∇u1 ∈ Lθ (0, T ; Lr(R3)) with 2
θ
+ 3
r
= 3
2
, 3 r < ∞.
In this short note, we give a different criterion via two partial derivatives of two components of velocity vector, and
prove the following result.
Theorem 1.1. Let u ∈ C([0, T );H3(R3)) ∩ L2([0, T ];H4(R3)) be a solution to the Navier–Stokes equation. Let θ, r  1 satisfy
2
θ
+ 3
r
= 2, 3
2
< r ∞, (5)
and put
Aθ,ri (T ) :=
T∫
0
∥∥∂iui(s)∥∥θLr ds.
If any two quantities of Aθ,ri (T ), i = 1,2,3, are ﬁnite, then the solution is regular at the time T , and for any q 2:
sup
t∈[0,T ]
∥∥u(t)∥∥qLq  C‖u0‖qLq · exp
{
C
3∑
i=1
T∫
0
(∥∥∂iui(s)∥∥θLr + 1)ds
}
< ∞, (6)
where the constant C only depends on the ν , θ , r and q.
Remark 1.2. Since we have the a priori estimate (6), it is not hard to see that the condition (5) is also valid for the Leray–
Hopf solutions.
2. Proof of Theorem 1.1
Let W p,α be the usual Sobolev space in R3. We need the following simple estimate.
Lemma 2.1. Let q 2 and α ∈ [0,1]. For any f ∈ S(R3), we have
‖ f ‖q
L3q/(3−2α)  Cq
(‖ f ‖q(1−α)Lq · ∥∥∇| f |q/2∥∥2αL2 + ‖ f ‖q/2Lq ). (7)
Proof. By Gagliardo–Nirenberg’s inequality, we have
‖ f ‖q/2
L3q/(3−2α) =
∥∥| f |q/2∥∥L6/(3−2α)  Cq∥∥| f |q/2∥∥1−αL2 · (∥∥∇| f |q/2∥∥L2 + ∥∥| f |q/2∥∥L2)α
= Cq‖ f ‖q(1−α)/2Lq ·
(∥∥∇| f |q/2∥∥L2 + ‖ f ‖q/2Lq )α  Cq · (‖ f ‖q(1−α)/2Lq ∥∥∇| f |q/2∥∥αL2 + ‖ f ‖q/2Lq ).
The estimate (7) now follows. 
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Proof of Theorem 1.1. By (2) and ∂1u1 + ∂2u2 + ∂3u3 = 0, it is enough to prove the estimate (6). Note that for any (t, x) ∈
[0, T ] × R3,
∂tu
i(t, x) = νui(t, x) − u j(t, x)∂ jui(t, x) + ∂i p(t, x).
Using the usual differential formula, for any t ∈ [0, T ] and i = 1,2,3, we have
∣∣ui(t, x)∣∣q = ∣∣ui0(x)∣∣q + qν
t∫
0
∣∣ui(s, x)∣∣q−2ui(s, x) · ui(s, x)ds + q
t∫
0
∣∣ui(s, x)∣∣q−2ui(s, x) · u j(s, x) · ∂ jui(s, x)ds
+ q
t∫
0
∣∣ui(s, x)∣∣q−2ui(s, x) · ∂i p(s, x)ds.
Integrating them on R3 and using the integration by parts formula give that
∥∥ui(t)∥∥qLq = ∥∥ui0∥∥qLq − q(q − 1)ν
t∫
0
∥∥∣∣ui(s)∣∣(q−2)/2 · ∣∣∇ui(s)∣∣∥∥2L2 ds − q(q − 1)
t∫
0
∫
R3
∣∣ui(s, x)∣∣q−2∂iui(s, x) · p(s, x)dxds
= ∥∥ui0∥∥qLq − 4(q − 1)νq
t∫
0
∥∥∇∣∣ui(s)∣∣q/2∥∥2L2 ds − q(q − 1)
t∫
0
∫
R3
∣∣ui(s, x)∣∣q−2∂iui(s, x) · p(s, x)dxds, (8)
where we have used that
q
t∫
0
∫
R3
∣∣ui(s, x)∣∣q−2ui(s, x) · u j(s, x) · ∂ jui(s, x)dxds
=
t∫
0
∫
R3
u j(s, x) · ∂ j
∣∣ui(s, x)∣∣q dxds =
t∫
0
∫
R3
∂ ju
j(s, x) · ∣∣ui(s, x)∣∣q dxds = 0.
On the other hand, taking the divergence for Eq. (1), we have
p(t) = div[(u(t) · ∇)u(t)]
and
p(t) = (−)−1 div[(u(t) · ∇u(t))]= (−)−1∂ j∂i(ui(t) · u j(t)).
So, by the Calderón–Zygmund inequality we get that for any γ > 1∥∥p(t)∥∥Lγ  Cγ ∥∥u(t)∥∥2L2γ . (9)
Let r1, r2  1 be determined by
1
r1
+ 1
r2
+ 1
r
= 1
and
(q − 2)r1 = 2r2.
By Hölder’s inequality and (9), we have
q(q − 1)
∑
i
∫
R3
∣∣ui(s, x)∣∣q−2∂iui(s, x) · p(s, x)dx
 q(q − 1)
∑
i
∥∥ui(s)∥∥q−2
L(q−2)r1 ·
∥∥p(s)∥∥Lr2 · ∥∥∂iui(s)∥∥Lr  C∑
i
∥∥ui(s)∥∥q−2
L(q−2)r1 ·
∥∥u(s)∥∥2L2r2 ·∑
i
∥∥∂iui(s)∥∥Lr
 C
∥∥u(s)∥∥q−2
L(q−2)r1 ·
∥∥u(s)∥∥2L2r2 ·∑∥∥∂iui(s)∥∥Lr = C∥∥u(s)∥∥qL2r2 ·∑∥∥∂iui(s)∥∥Lr  C∑∥∥ui(s)∥∥qL2r2 ·∑∥∥∂iui(s)∥∥Lr , (10)
i i i i
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C−1q,γ
∥∥u(t)∥∥qLγ ∑
i
∥∥ui(s)∥∥qLγ  Cq,γ ∥∥u(t)∥∥qLγ . (11)
Taking α = 32r in Lemma 2.1, by (7) we know∥∥ui(s)∥∥q
L2r2
 C
(∥∥∇∣∣ui(s)∣∣q/2∥∥2αL2 · ∥∥ui(s)∥∥q(1−α)Lq + ∥∥ui(s)∥∥qLq ).
Inserting this estimate into (10) and using Young’s inequality yield
q(q − 1)
∑
i
∫
R3
∣∣ui(s, x)∣∣q−2∂iui(s, x) · p(s, x)dx ν∑
i
∥∥∇∣∣ui(s)∣∣q/2∥∥2L2 + C
(∑
i
∥∥∂iui(s)∥∥θLr + 1
)∑
i
∥∥ui(s)∥∥qLq , (12)
where we have used that α = 32r = 1− 1θ by 2θ + 3r = 2.
Summing both sides of (8) for i and then substituting (12) into (8), by (11) we ﬁnd
∥∥u(t)∥∥qLq  C‖u0‖qLq + C
t∫
0
(∑
i
∥∥∂iui(s)∥∥θLr + 1
)∥∥u(s)∥∥qLq ds,
where the constant C only depends on the ν , θ , r and q.
The estimate (6) now follows by Gronwall’s inequality. 
Remark 2.2. From the above proof, we can see that if r = ∞, then the constant C can be independent of the viscosity
constant ν . It is not known whether we can give a regularity criterion for the Euler equation only in terms of ∂1u1 and ∂2u2.
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